Abstract-The tandem cold rolling of metal strip is a complex nonlinear multivariable process whose optimization presents significant challenges to the control design. Existing systems using the present technology are limited in their capability for improvement in performance and robustness and therefore the need arises for a better approach. It is considered that a pointwise linear quadratic optimal control might fulfill this need. This paper presents the results of work performed to investigate the theoretical and applied aspects of this technique for control of a tandem cold rolling mill. In this paper nonlinear state space equations are derived from a mathematical model of the mill, and a pointwise linear quadratic optimal controller is developed. The controller when coupled to the model is shown by simulation of typical operating conditions to be effective in reducing the effects of disturbances in entry strip thickness and hardness. 
I. INTRODUCTION The tandem cold rolling of metal strip is a complex nonlinear multivariable process whose optimization presents significant challenges to the control design. The present technology generally relies on a control structure [1] wherein the effects of interaction between the process variables are partially mitigated by several single-input-single-output (SISO) and single-input-multi-output (SIMO) control loops operating on selected variables, such that the overall control problem is decomposed into several separate problems to attempt to allow independent adjustment of strip tension and thickness anywhere in the mill. While this structure (and variations of it [e.g. 2,3]) has been effective in producing an acceptable product, it is recognized that applications of other design techniques (such as H ∞ ) might result in improvements in performance and robustness to uncertainties and disturbances, and various methods [e.g. 4, 5] have been proposed. Many of these methods offer some improvements, but also have some shortcomings. Consequently, the need arises for a better approach. It is considered that a pointwise linear quadratic optimal technique has several advantages and thus might fulfill this need.
Therefore, the objective of the work described in this paper is to investigate the theoretical and applied aspects of a pointwise linear quadratic technique for the control of a tandem cold rolling mill. The success of this method is evaluated on the basis of the following measures which are considered the most significant in the control of a tandem cold mill:
• Performance based on criteria typical for practical application, and
• Robustness to uncertainties and disturbances.
II. DESCRIPTION OF THE PROCESSS In the five stand tandem cold mill (Figure 1 ), the strip is passed through five pairs of independently driven work rolls, with each work roll supported by a back-up roll of larger diameter. As the strip passes through the individual pairs of work rolls, the thickness is successively reduced. The reduction in thickness is caused by very high compression stress in a small region (the roll gap) between the work rolls. In this region the metal strip is plastically deformed, and there is slipping between the strip and the work roll surface. The necessary compression force is applied to the bearings of the back-up rolls by hydraulic rams, or by a screw arrangement driven by an electric motor. The energy required to achieve the reduction in strip thickness causes a temperature rise (at the roll gap), which is reduced considerably by the cooling effects of air and rolling solution (lubricant) as the strip travels between the stands.
Mill instrumentation generally consists of sensors to measure roll force at each stand, interstand strip tension force, strip thickness (at the exit of the first and last stand), work roll speeds, and roll gap actuator (hydraulic ram or screw) positions.
Prior to rolling, actuator references are calculated based on expected steady-state mill behavior. The threading process (discontinuous), where the strip is successively introduced into the mill stands, occurs at low speed. After the last stand is threaded, the mill is accelerated to the desired operating speed (run speed). Near the end of the coil, the mill is decelerated to a reduced speed for de-threading and set-up for the next coil. In the case of continuous threading, coils are welded together prior to entering the mill, so that strip is always in a mill stand. 
III. MATHEMATICAL MODEL OF THE PROCESS
A mathematical model of the tandem cold rolling process is a group of expressions which relate the rolling parameters to each other. The type of model desired for the work described herein is one which relates the rolling parameters that are significant in the development of a process control strategy, and is capable of being implemented in a straightforward manner without being computationally demanding. Accordingly, the relationships which comprise the model are based on a series of algebraic equations developed for control purposes by Bryant [1] as a simplification of more complex classical models, and on empirical equations given in Roberts [6] .
A. Theoretical System Equations
The expressions derived for specific roll force (1), forward slip (3), interstand tension stress (6), output thickness (7), strip transport delay (8) , work roll actuator position (9) , and work roll speed (10) are as follows, with symbology as given previously, and with stand i understood where no subscript is given. The expressions for mean yield stress, mean tension stress, mean thickness, friction coefficient, deformed work roll radius, draft, stand output strip speed, and stand input strip speed are given in Appendix A.
where
where 
B. Interstand Time Delay Approximations
Each interstand time delay (8) is approximated by a series of first order lags to avoid the effects of numerator zeros which are present in the Pade approximation. The corresponding differential equations for the time delay between stands i and i+1are:
C. State Space and Output Equations
The theoretical system equations (1) through (10), and the differential equations (11) Table 3 . Using the assignments of Tables 1, 2 , and 3, equations (6), (9), (10), (11), (12), (13), and (14) are grouped together to form the state equation (15). Similarly, equations (1) and (7) are combined and grouped with the solution of equation (6) The model was verified by open loop simulations using three predetermined operating points similar to the typical production schedules given by Bryant [1] . The results were compared to Bryant's results, and to Geddes' results [4] which were based on reduction patterns similar to Bryant's. Simulations were performed at mill exit speeds of about 4000 feet per minute and at thread speeds (about 200 feet per minute). The results showed good consistency with the results of both Bryant and Geddes.
IV. POINTWISE LINEAR QUADRATIC OPTIMAL CONTROLLER
The pointwise linear quadratic optimal control strategy evaluated for this application is similar to the state-dependent Riccati equation method which has seen several recent successful applications in aerospace technology (and other areas) for control of nonlinear dynamical systems [7, 8] .
A. Theoretical Considerations
In this method, the nonlinear plant dynamics are expressed in the form
By factorizing 1 the state-dependent vector ( )
and with B x b = ) ( , the above becomes a form resembling linear state space
1 It is known [8] The control problem is to minimize the performance index
with respect to the control vector u, subject to the constraint (17), where
Under the assumption 0 0 a = ) ( and 0 B ≠ , the objective (21) is to find a control law which regulates the system to the origin.
The method of solution is first to find a factorization of ) (x a such that (17) can be expressed in the form of (19). Then the state-dependent algebraic Riccati equation
is solved pointwise for ) (x K , resulting in the control law
In order to ensure a solution to (22) 
∈
Global asymptotic stability must be confirmed by simulation since (except for certain special cases [9] ) at present there is no theory which assures it.
B. Application to Tandem Cold Rolling
A predetermined operating point (using a typical production schedule [1] ), plus the mill and strip parameters, are given in Tables 4 and 5 .
External disturbances (typical for skid chill acting over strip lengths of approximately 4000 inches) are excursions in mill entry thickness and mill entry hardness as depicted in Figure 2 . An external disturbance changes the matrix
where x x A ) ( δ represents the disturbance effect ( Figure 4 ). 
Figure 2 Mill Entry Disturbances
An objective is that excursions in individual mill stand output thicknesses and interstand tensions be as low as reasonably achievable in the presence of disturbances applied both individually and concurrently during steady speed and during speed changes.
The initial state x 0 at the predetermined operating point (open loop) is an equilibrium point established by the control vector u 0 whose elements are given in Table 3 . The operating point is shifted to the origin by introducing the variable .
Minimization of the performance index J is then with respect to the vector
where Q and R initially are taken as diagonal matrices with tunable constant elements.
V. SIMULATION Closed loop simulation was performed with the controller coupled to the model using Matlab with Simulink.
A. System Confirguration
Initial simulation showed that if in (22) ) (x A was replaced with ), ( x A 0 the dynamic responses of the elements of the z vector remained nearly unchanged, but (constant) weighting matrices Q and R could be set over wider ranges before instability occurred. Since this appeared to be an improvement, ) ( 0 x A was used in place of ) (x A so that with constant Q and R, ) (x K in (22) ∈ For these settings, the minimum of the maximum excursion in mill exit thickness (resulting from a disturbance in mill entry thickness at 100% speed) was about 0.2 percent (Figure 3 ). 
of weighting matrix Q were also set by simulation to reduce excursions in interstand tensions.
The system configuration is depicted in Figure 4 .
Figure 4 System Configuration

B. Responses to Mill Entry Disturbances
The following mill entry disturbances ( Figure 2 ) were applied at 100% speed and at 5% speed:
• Thickness
• Hardness
• Thickness and hardness concurrently
The resulting percentage changes in mill exit thickness at 100% speed are displayed in Figure 5 . The mill was decelerated from 100% speed to 5% speed by changing ,
V and U 5 V proportionally to a master speed reference and similarly changing the corresponding elements of x 0 . During the deceleration period, the thickness and hardness disturbances were applied concurrently. The master speed reference, the mill entry disturbances, and the response in mill exit thickness are shown in Figure 6 .
The mill was then accelerated from 5% speed to 100% speed similarly to deceleration, with thickness and hardness disturbances applied concurrently during the acceleration period. The results are shown in Figure 7 . Table 6 , the control system held deviations in the individual stand output thicknesses to less than .05%, and deviations in the interstand tensions to about 5% (or less), in the presence of typical disturbances in entry strip thickness and hardness.
While these results show the effectiveness of the pointwise linear quadratic technique, it should be noted that the following assumptions were applicable:
• Full state measurement is available.
• Back-up roll eccentricity in the cold mill and deviations in entry strip thickness (caused by hot mill roll eccentricity) are both negligible.
• The model is ideal.
Work is in progress in which these assumptions are removed to enhance the simulation of an actual application.
Specifically:
• A means for estimating the unmeasurable states is being added to the controller.
• The effects of cold mill and hot mill roll eccentricities will be considered.
• Modeling uncertainties will be addressed, with simulation performed to confirm performance and robustness.
The results of this work will be presented in a sequel to this paper.
VII. CONCLUSION
A nonlinear model of the mill and actuators was developed and verified. The pointwise linear quadratic optimal controller when coupled to the model was shown to be effective in reducing the effects of disturbances in entry strip thickness and hardness under certain assumptions.
VIII. APPENDIX A
Expressions for Various Parameters
where , 
where λ 2 is a constant.
where λ 3 is a constant. 
In the neighborhood of F h 0 out , is approximated by a linear fit, which is reasonable because the neighborhood is not large. 
